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IDENTIFICATION OF MODULAR STRUCTURE

Generative models

Model likelihood: P(Al6,b)

A — network
b — partition of the nodes into groups
f# — more model parameters

Bayesian inference
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THE STOCHASTIC BLOCK MODEL (SBM)

COMMON FORMULATIONS
Bernoulli

P(Alp,b) = [[ pa, (1 = poo,)'

1<j

prs — edge probability between two
nodes of groups r and s

(simple graphs)

Poisson

)\Aij —Abb
b

ibj
17+

i<j

Ars — average number of edges
between two nodes of groups r and s

(multigraphs)



THE STOCHASTIC BLOCK MODEL (SBM)

COMMON FORMULATIONS

Bernoulli

A|pa Hpb

1<j

1— A,
pbibj)

prs — edge probability between two
nodes of groups r and s

(simple graphs)

Poisson

AAis g,
b

=11 ibinj!

i<j

P(A|A,b)

Ars — average number of edges
between two nodes of groups r and s

(multigraphs)

Microcanonical

P(Ale,b)

ers — total number of edges between
groups 7 and s

(i.e. hard constraints)




WHY MICROCANONICAL?

Two good advantages:

» Efficiency: Inference becomes possible not only for networks
with a very large number of nodes and edges, but also with
an unlimited number of groups.

» Deeper Bayesian hierarchies: Noninformative priors can be
replaced by conditioned priors and hyperpriors.




MARGINAL LIKELIHOOD

“Canonical” marginal likelihood:

P(AJb) = /P(A|9, b)P(0)do



MARGINAL LIKELIHOOD

“Canonical” marginal likelihood:
P(Ab) = /P(A|9, b)P(6)do
Microcanonical marginal likelihood:

P(A|b) = ZP Al6,b)P(9)

= P(A|0,b)P(0) = P(A,0|b)

‘ Marginal <+ Joint ‘

Deeper Bayesian hierarchies:

P(A|b) = ZZPAwb o) P(cx)

= P(A|0,b)P(0]&) P(
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MINIMUM DESCRIPTION LENGTH (MDL)

Description length:

Y = —InP(A|0,b) —In P(0,b)
———— N——

Data Model



DEGREE-CORRECTION

Traditional SBM




DEGREE-CORRECTION

Traditional SBM Degree-corrected SBM

A —0:05 7.0
(gigj)\bibj) i 9195 b0,
Azl

P(AX0,b) =]]

i<j

0; — average degree of node
(Karrer and Newman 2011)



DEGREE-CORRECTED MICROCANONICAL SBM
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DEGREE-CORRECTED MICROCANONICAL SBM

Node partition, b. Edge counts between groups, e.



DEGREE-CORRECTED MICROCANONICAL SBM

Edge counts between groups, e.

Degree sequence, k.



DEGREE-CORRECTED MICROCANONICAL SBM

Degree sequence, k. Adjacency matrix, A.



MODEL LIKELIHOOD: HALF-EDGE PAIRINGS

CONFIGURATION MODEL WITH GROUP STRUCTURE

P(Ale, k,b) = =(4)
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PRIOR FOR THE PARTITION



PRIOR FOR THE

PARTITION

Option 1: Noninformative

P(b|B)
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PRIOR FOR THE PARTITION

Option 1: Noninformative

P(bB) = L

" BN(1-B(1-1/B)N)

B — Number of nonempty groups

ogg"oo% Option 2: Conditioned on group sizes
ogogoooo
L P(b|B) = P(bln)P(n)
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PRIOR FOR THE PARTITION

Option 1: Noninformative

1
POIB) = gra—Ba=1/BM)

B — Number of nonempty groups
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For N > B:
—InP(b|B)~ NH(n)+ O(BInN)

H(n)=— %m%



PRIOR FOR THE DEGREES

Option 0: Random half-edges
(Non-degree-corrected)
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PRIOR FOR THE DEGREES

Option 0: Random half-edges
(Non-degree-corrected)
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Option 1: Noninformative
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PRIOR FOR THE DEGREES
Option 2: Conditioned on degree distribution

P(k|b,e) = P(k|n)P(n)
n,.! 1
:HHTWE! X HQ(erynr)




PRIOR FOR THE DEGREES
Option 2: Conditioned on degree distribution

P(k|b,e) = P(kln)P(n)
n,.! 1
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PRIOR FOR THE DEGREES
Option 2: Conditioned on degree distribution

P(k|b,e) = P(kln)P(n)
n,.! 1
=11 I 7! « ILaterm)
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PRIOR FOR THE DEGREES
Option 2: Conditioned on degree distribution

P(k|b,e) = P(kln)P(n)
n,.! _
=11 I 7! « ILaterm)

10° & Non-degree-corrected E Bose-Einstein statistics
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PRIOR FOR THE DEGREES: INTEGER PARTITIONS

’q(m7 n) — number of partitions of integer m into at most n parts

Exact computation

Q(m7 n) = Q(mvn - 1) + Q(m - nan)

Full table for n < m < M in time
O(M?).



PRIOR FOR THE DEGREES: INTEGER PARTITIONS

’q(m7 n) — number of partitions of integer m into at most n parts

Exact computation Approximation

atmon) =atmn = Utatm=mn) oy w1 e mg(a),
Full table for n < m < M in time

O(M?). o(u)
f(u) = 23/2,0
g(u) = 721)15“) —uln(l —e"™)

[1 1+ u2/2)e””(u)} -1/2

v =uy/—v%/2 — Liz(e?)
(Szekeres, 1951)



PRIOR FOR THE DEGREES: INTEGER PARTITIONS

’q(m, n) — number of partitions of integer m into at most n parts

Exact computation Approximation
g(m,n) =qg(m,n—1)+q(m —n,n u
(o) = atmen =D atm=mn) gy o IO (g,
Full table for n < m < M in time
Oo(M?).
_ v(w) 2 19y —v(w)] 2
S W) = S [L= (1 u?/2)e ]
o | Arpreimation = 2v(u _
e =2 )
= 150 — -
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PRIOR FOR THE EDGE COUNTS




“RESOLUTION” PROBLEM
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Planted partition

B groups of uniform size N/B,
perfectly assortative:
err =2E/B, ers = 0,1 # s.

For N>>1,E~N,B> 1
—InP(A,e,b)~2EInN/B+ NInB + B?In2E
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“RESOLUTION” PROBLEM

Planted partition

B groups of uniform size N/B,
perfectly assortative:
err =2F /B, ers = 0,7 # s.

For N> 1,E~N,B>1
—InP(A,e,b) ~ 2EInN/B+ NInB + B*In2E
N ) N—— N—_——

Network Partition Edge counts



“RESOLUTION” PROBLEM

Planted partition

B groups of uniform size N/B,
perfectly assortative:
err =2F /B, ers = 0,7 # s.

For N> 1,E~N,B> 1
—InP(A,e,b) ~ 2EInN/B+ NInB + B*In2E
N ) N—— N—_——

Network Partition Edge counts

Bmax = O(\/N)



PRIOR FOR THE EDGE COUNTS: (GROUP HIERARCHIES

Option 2: Conditioned on... another SBM!




PRIOR FOR THE EDGE COUNTS: GROUP HIERARCHIES

Option 2: Conditioned on... another SBM!




PRIOR FOR THE EDGE COUNTS: GROUP HIERARCHIES
Option 2: Conditioned on... another SBM!
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PRIOR FOR THE EDGE COUNTS: GROUP HIERARCHIES

Option 2: Conditioned on... another SBM!




PRIOR FOR THE EDGE COUNTS: GROUP HIERARCHIES

Option 2: Conditioned on... another SBM!
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PRIOR FOR THE EDGE COUNTS: GROUP HIERARCHIES

Option 2: Conditioned on... another SBM!
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PRIOR FOR THE EDGE COUNTS: GROUP HIERARCHIES

Option 2: Conditioned on... another SBM!
B3 nodes
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RESOLUTION PROBLEM IN THE WILD

Flat Hierarchical
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THE WHOLE MODEL

L
P(A,k,{b)},{e;}|B,E,L) = P(Alk,bo,e;)P(k|bo,e1) HP ei|b;, e 1)P(bi|Br)
=1

Boundary: Br =1, er41 = {2E}

P(B) = % P(E) = (;V) P(L) =1/N



INFERENCE ALGORITHM: METROPOLIS-HASTINGS

» Move proposal, b, =r — b; = s

» Accept with probability

S (17 P(b|A)P(b — b’)) .

P(bJA)P(b — b)

Move proposal of node i requires O(k;) operations. A whole MCMC sweep
can be performed in O(E) time, independent of the number of
groups, B.

In contrast to:

1. EM + BP with Bernoulli SBM: O(EB?) (Semiparametric) [Decelle et al, 2011]

2. Variational Bayes with (overlapping) Bernoulli SBM: O(EB) (Semiparametric) [Gopalan
and Blei, 2011]

3. Bernoulli SBM with noninformative priors: O(EB?) (Greedy) [Céme and Latouche, 2015]
4. Poisson SBM with noninformative priors: O(EBZ) (Gibbs) [Newman and Reinert, 2016]



EFFICIENT INFERENCE: OTHER IMPROVEMENTS

>

>

Smart move proposals

Choose a random vertex 14
(happens to belong to group r).

Move it to a random group

s € [1, B], chosen with a
probability p(r — s|t) proportional
to ets + €, where t is the group
membership of a randomly chosen
neighbour of 4.

bi=r

Fast mixing times.

Agglomerative initialization

» Start with B = N.

» Progressively merge groups.

Avoids metastable states.




SAMPLING HIERARCHIES

P(A,k,bole1) [], P(ei—1,biler)

P({bi}|4) = B A

= P(bo|A, e1, k) [[ P(bilei 1, e)
1
with per-level posteriors
P(A|817k7b0)P(k)P(b0)
P(Ale)
P(eilei+1, b)) P(br)
Pleleitr)

P(bo|A, k,e1) =

P(bl|el_1, el) =



SAMPLING VS. MAXIMIZATION

Maximization (MDL) Sampling
{b;} = argmax P({b;}|A)
(b1} {bi} ~ P({bi}|A)
Finds the best partition, and number Finds the best posterior ensemble;

of groups {B}. marginal posterior P(B;|A).



SOME RESULTS FOR MAXIMIZATION

Political blogs
(N =1,222, F =19,027) Internet (AS)
(N =52,104, E = 399, 625)




SAMPLING VS. MAXIMIZATION

Karate Club (N
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SAMPLING VS. MAXIMIZATION
C. elegans neural network (N = 297, E = 2,359)
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SAMPLING VS. MAXIMIZATION

P(ByA)

PlBoIA)

Linux source code (N = 30,837, F
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MODEL SELECTION
1. Best model fit

PA{b}[H)
= PA i) ~ A



MODEL SELECTION
1. Best model fit

PA{b}[H)
= PA i) ~ A

2. Average over models
_ P(A\Hl)
P(A|H2)
P(A[H) =Y P(A, {bi}|H)

{bs}




MODEL SELECTION
1. Best model fit

PA{b}[H)
= PA i) ~ A

2. Average over models

_ P(A\Hl)

P(A|H2)

P(A[H) =Y P(A, {bi}|H)
{b:}
InP(A) = q{bi}) In P(A, {b:}) = Y g({b:}) Ing({b:i})
{v;} {bi}
—(=) -8
P({bi}, A)

(b)) = P({bi}4) = =



MODEL SELECTION
1. Best model fit

PA{b}[H)
= PA i) ~ A

2. Average over models

_ P(A\Hl)

P(A|H2)

P(A[H) =Y P(A, {bi}|H)
{b:}
InP(A) = q{bi}) In P(A, {b:}) = Y g({b:}) Ing({b:i})
{v;} {bi}
—(=) -8
P({bi}, A)

(b)) = P({bi}4) = =

q({b}) qu ()
(bo) ~ [ [ais 07, 6D [ @) ™", a(b) = [[ai(vi), 1>0
i<j i B



MODEL SELECTION

—_

. Best model fit (MDL)

Non-degree-corrected
(] Degree-corrected (uniform)
A Degree-corrected (conditioned)
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MODEL SELECTION

InA

1. Best model fit (MDL) 2. Average over models
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For code, see:

http://graph-tool.skewed.de
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http://skewed.de/tiago
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